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Abstract
A discontinuous Galerkin method for the full two-fluid plasma model is described. The
plasma model includes complete electron and ion fluids, which allows charge separation,
separate electron and ion temperatures and velocities. Complete Maxwell’s equations are
used including displacement current. The algorithm is validated by benchmarking against
existing plasma algorithms on the GEM Challenge magnetic reconnection problem. The
algorithm can be easily extended to three dimensions, higher order accuracy, general geometries and parallel platforms.
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1 Introduction

Plasma physics continues to be an important area of numerical and experimental
research. A number of magnetic confinement fusion concepts including spheromaks, FRCs, Z-pinches and inertial confinement concepts such as pellet implosion
are under investigation at various facilities[1–4]. An important area of recent numerical research in plasma physics has been the development of plasma simulation
algorithms with more complete physics including Hall MHD[5–10], quasi-neutral
two-fluid MHD[11], and the full two-fluid model[12,13]. The full two-fluid algorithm presented in [12] is one dimensional and suffers large divergence errors when
directly applied in 2D. In [13] a full electron-electron two-fluid algorithm using a
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combined spectral and finite difference approach is described for solving multidimensional problems in beam instabilities in ICF. In the current paper a discontinuous Galerkin (DG) method for the full ion-electron two-fluid plasma model is
developed to provide a general multi-dimensional algorithm that works on arbitrary
geometries and is highly parallelizable for solving problems of fusion interest. Because ion and electron masses differ this introduces different dynamics including
the Hall effect and additional plasma time scales which are not observed in an
electron-electron plasma.
The two-fluid equations retain electron inertia which simpler models such as Hall
MHD lack. This term allows the electrons to become demagnetized and can provide dissipation in a collisionless plasma when resistivity is zero. The collisionless regime is particularly important to fusion plasmas. Electron inertia is important when reconnection processes which are ubiquitous in self organized plasmas.
Charge separation and displacement current have been included for a more complete physical description.

2 Two-Fluid Model
The following definitions apply, electron and ion charges     are equal,
ion and electron mass are  and  . The speed of light is  and the permittivity is
 .
The two-fluid plasma model consists of a set of fluid equations for the electrons
and ions plus the complete Maxwell’s equations including displacement current.
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The last two equations (3),(4) are constraint equations and are not solved numerically as they can be derived analytically from (1) and (2). Analytically the constraints are satisfied for all time if they are satisfied initially. Numerically, errors in
the constraints may grow with time even if they are satisfied initially.
The fluid and electromagnetic systems are coupled through Lorentz forces and currents as source terms. Key things to note are that the displacement current is not
neglected, electrons and ions have separate energy,
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and continuity equations,
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so each species has its own temperature, velocity and number density. This system
is identical to the system used in [12].
Because the displacement current and charge separation are included this set of
equations can be written as three systems of balance laws,
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for the electron fluid equations,
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for the ion fluid equations, and
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for Maxwell’s field equations.
Keeping displacement current and charge separation means that for physical devices the time scales that must be resolved numerically are not computationally
feasible. However, this issue is resolved by choosing the characteristic ratios as in
[12] of the Debye length to plasma size, ion Larmor radius to plasma size and the
ratio of ion thermal speed to speed of light to make our numerical solution feasible
while still preserving the relevant physics.

3 Numerical Algorithm

Discontinuous Galerkin methods are high order extensions of upwind schemes using a finite element formulation where the elements are discontinuous at cell interfaces. Details of the method are applied to simple hyperbolic systems and the
equations of inviscid gas dynamics are discussed in [14–17] and reproduced here
for the two-fluid system with additional discussion of two-fluid specific issues. The
balance law
 J
J
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is multiplied by the set of basis functions _6`badc and integrated over the finite volume
element e . For second order spatial accuracy the basis set
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is used where k pl and o Rl refer to the # k o - coordinate at the center of the cell q .
The equation is written,
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Integrate by parts to get
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The discrete conserved variable is defined as a linear combination of the basis
functions inside an element e , with
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The integral 
`ba+t<u
the volume of the element. Using these definitions the discrete equation becomes,
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when the integrals are replaced by appropriate
Gaussian quadratures. |D is the sur9
face area of the cell face in consideration, refers to an element face,  are quadrature points on a face and  are quadrature points in the volume. For a second order
method the edge integrals are replaced by a two point Gaussian quadrature
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A four point quadrature is used for the volume integral given by,
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The surface fluxes M are evaluated using an approximate Riemann flux while the
volume fluxes are evaluated directly from the fluxes for either the fluid or Maxwell
4

systems. The discrete equations for the second order scheme are
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The derivatives of the basis functions can be calculated analytically since the polynomial basis functions are known. The discontinuous Galerkin method is applied
to each balance law (8)(9)(10) at every time step. Third order TVD Runge-Kutta
time integration is used.
The algorithm is stable if the plasma frequency is resolved and the Courant con for
 them Courant
dition
m the speed of light is satisfied. In one dimension
n condition is


and in 2D on a regular grid the condition is 8 hF
where k is the grid
8 h$
nL


spacing and
the time step.

3.1 Limiting

High resolution schemes typically use limiting to prevent spurious oscillations near
discontinuities and for stabilization of non-linear systems. Limiters can also be
used in the discontinuous Galerkin method, though instead of being TVD, limiters
produce a scheme
that is TVDM or TVD
in the mean. This means that the solution
J
J
is TVD in , but not necessarily in .
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The conserved variables can be limited in terms of characteristics. To limit in
J
terms of
characteristics
the
are first transformed to characteristic variables  where
J
J
 and is the left eigenvector matrix of the flux Jacobian calculated
from  .
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  where q refers to the q th cell. Limiting is performed
directly on transformed variables and then the solution is immediately transformed
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is the modified minmod limiter defined by

¦
B.ª6B
 #)©
¨
f-@
and

§

(20)

is a constant while 

¬ ©
«
B.ª6B
¨#)©
f-

§

if ®¯©® 
t k  B
otherwise

(21)

is the minmod limiter.

¬ «°°°° max #&© B ª;B f- if sign #)©<-W sign # ª -W sign #Rd-W 
¨#)©
f-W °
x
(22)
B;ª B
ª
d - if sign #)©<-W sign # -W sign #Rd-W0
min #&©
°°°
otherwise
°° 3
§
 3 to eliminate oscillations at shocks while
For each of the fluid systems
§
B.ª6B

for Maxwell’s equations
is set to a constant that must be chosen empirically
for each problem. TVB limiting of Maxwell’s equations helps reduce divergence
errors significantly over TVD limiters when approximate Riemann fluxes are used.
Limiting is not necessary for the stability of Maxwell’s equations since they are
linear; unfortunately because of the coupling to the fluid equations through the
Lorentz forces if no limiting is used for Maxwell’s equations negative pressure
problems frequently arise in the fluid equations.

4 GEM challenge comparison

In ideal MHD the fluid is frozen to the magnetic field lines and so field lines cannot
reconnect without some non-ideal term. Resistivity allows field lines to reconnect
though much slower than the fast reconnection that is observed in collisionless
plasmas such as fusion and space plasmas. Since the accurate simulation of collisionless reconnection is a significant goal of this work the algorithm described is
benchmarked against the GEM challenge simulations of [18], for which numerous
plasma models have been tested. These results will not be discussed in detail in
this paper as the primary scope is the novel numerical algorithm for the two-fluid
plasma model.
In Fig. 1 the two-fluid solution is compared to solutions published in the GEM challenge papers [18,10]. The initial conditions are identical to those used in [18], but
since displacement current is included the ratio of the speed of light to the maxi!
mum ion thermal velocity is specified ²=³µ± ´6¶ 
3A3 . Also open boundary conditions
are used on the o boundaries instead of conducting walls. It is very easy to treat
open boundaries with the discontinuous Galerkin method. The two-fluid solution
6

Fig. 1. Plot of reconnected magnetic flux vs time in units of inverse ·  published in [10].
±
The authors have overlayed the graph with the two-fluid solution calculated using the algorithm in this paper. The “Fluid” solution uses a simplified two-fluid approach that includes
electron inertia effects.

shows good agreement with published solutions except that flux continues to reconnect in the two-fluid solution after it has saturated in the published solutions.
The open o boundaries allow fluid and magnetic field lines to continue to flow in
even after saturation occurs for conducting wall boundaries.
The full particle code of Fig.1 uses electron and ion particles with the full Maxwell’s
equations. The hybrid code uses ion particles with a modified Hall MHD description the electrons. The fluid code uses the same Hall MHD description as the hybrid
code for the electrons, but uses fluid ions. The two-fluid solution was produced us!
ing the algorithm described in this paper on a ¸¹Aº ¸A» grid.

5 Conclusion

A discontinuous Galerkin method for the full two-fluid plasma model written as
3 balance laws has been described. The algorithm uses a second order spatial discretization and a 3rd order TVD Runge-Kutta time stepping scheme. The algorithm produces solutions to the GEM challenge magnetic reconnection problem
that agree with published solutions. The algorithm can be extended to 3 dimensions, general geometries and to higher order accuracy.
This research was supported by AFOSR Grant No. F49620-02-1-0129. Computing
resources were provided by the University of Washington Department of Mechanical Engineering through use of the Ladon cluster.
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